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1. Introduction

There has been recently great interest in non-linear sigma models on supercoset targets.
These models have many applications in several branches of theoretical physics. For ex-
ample, they can be used in the descriptions of the theory of quantum Hall efect [, .
However the main motivation for the study of these models comes from string theory. In
string theory the interest in the non-linear sigma models on supercoset targets is based on
the remarkable observation that these models give description of the string theory in curved
Ramond-Ramond backgrounds.! The Green-Schwarz action in AdSs x S5 formulated by
Metsaev and Tseytlin in [[]] or its alternative form proposed and further developed in [§ ]
takes the form of the sigma model on the coset superspace P SU(2,2[4)/SO(1,4) x SO(5).
It was also soon discovered that the sigma model on simpler targets, the supergroups
PSL(n,n) has very rich and interesting structure [§—[[(]. In particular, it was shown
that sigma models on cosets G/H where G is Ricci flat supergroup and H is its bosonic
subgroup are conformal to one loop - and it is expected to be conformal exactly - given
a suitable Wess-Zumino term. The important property of this construction is that the
isotropy subgroup H is fix point set of Z4 grading of G.

It was further shown in [[[1] that the Z4 grading is a key element for demonstration that
the sigma model on P SU(2,2|4)/SO(1,4) x SO(5) is classically integrable. This fact was
also demonstrated in case of the pure spinor formulation of superstring on AdSsx S5 [[L, [L3.
Moreover, since it was shown in [[[4}, [[] that the pure spinor string on AdS5 x S5 is consistent
quantum theory one can hope that the integrability persists in the quantum regime as well.

It was shown recently in two remarkable papers [[[d, [[7] that the similar constructions
hold for sigma models on spaces G/H with more general Zs, grading. For any n, the

!For recent interestion discussion of properties of supercosets background, see [E]



grading permits an introduction of certain preferred Wess-Zumino term. An existence of
this term implies that the equations of motion can be put into the Lax form ensuring the
integrability [I7]. It was then shown in [[d] that these models are conformally invariant up
to one loop.

Due to these facts we mean that it is important to continue in the analysis of these
sigma models. In particular, the knowledge of the classical Hamiltonian formalism of non-
linear sigma models on the supercoset targets with Z,, grading could be useful for further
study of these models. For that reason the formulation of the the classical Hamiltonian
analysis of the sigma model on supercoset targets is the main goal of this paper.

Let us outline the structure of the paper. In section (f) we introduce the sigma model
action on supercoset targets following [I§] and we briefly review its basic properties. Then
in section (f]) we formulate the Hamiltonian formalism of given theory. We introduce
canonical variables using the method proposed in [[[§.2 In section ([]) we calculate the
Poisson bracket of the left-invariant currents. We check the validity of our calculations by
comparing the Poisson bracket calculated here with the Poisson bracket derived in [21] and
we find exact agreement. In section (f|) we introduce the Hamiltonian for given system and
also determine the equations of motion of the left-invariant currents. Finally, in section (f)
we determine the charge corresponding to the invariance of the action under global left
multiplication. We will calculate the Poisson brackets between these charges and spatial
components of the left-invariant currents.

In summary, we mean that the properties of the non-linear sigma model on supercoset
targets are very interesting and certainly deserve to be studied further. In particular, we
hope that the results derived here could be helpful for an analysis of the quantum properties
of these models. It would be also certainly very interesting to see whether the supercosets
with Zs,,n # 2 grading correspond to some nontrivial background in string theory.

2. Formulation of non-linear sigma model on supercoset targets

We begin this section with the brief review of properties of supercosets. We do not want to
give the complete outline of this subject. We rather focus on properties of the supercoset
that are necessary for definition of the non-linear sigma model on it.

Let us consider an associative Grassmann algebra A = Ay + Ay, where Ay (resp.

Ay) consists of commuting (resp. anticommuting) elements. Given a supermatrix X =
A

C D
and B,C € Ay (Ap). We introduce the notation | X| = deg(X) and we write | X| =0 if X

is even matrix and |X| =1 if it is odd matrix. Then we can define the supertrace as

that belongs to the supergroup G we define it to be even (odd) if A, D € Ag (Aq)

Str(X) = Tr(A) — (-1)XITeD . (2.1)
This supertrace satisfies an important property

Str(XY) = (-D)FIVIstr (v X) . (2.2)

2For recent application of this method in string theory and quantum gravity, see [E*@]



The relation between a supergroup and superalgebra is similar to the bosonic case.
The supergroup G associated to the superalgebra g is the exponential mapping of the even
subsuperalgebra of Grassmann envelope A ® g

g= exp(mATA) , (2.3)

where T4 generate the Lie superalgebra g = g®*" +g°d corresponding to G. We denote | A|
the grade of T4 in the Lie superalgebra. Then T4 satisfy the supercommutation relationship

T4, Tp] = TaTp — (-1)APITRTy = fipTe, (2.4)
where the structure constraints ng satisfy the graded Jacobi identity

0= (-1 FEL B+ (1) B pEL fB, + (1) CNBI B R (2.5)

The 24 commute (resp. anticommute) whenever T4 are graded even (resp. odd).

As the next step let us now presume that g is Zs, graded and h, the complexified Lie
algebra of the isotropy subgroup H is the subspace of grade zero.? That is we suppose that
g may be written as a direct sum

g=80+g +...+8m1 (2.6)
of vector subspaces where gy = h and that this decomposition respects the graded Lie

bracket
[gm gs] C &r+s mod 2n - (2.7)

We presume that this grading is compatible with the splitting to Grassmann odd and even
variables, namely

825 C 8%V, goer1 C g fors=0,1,...,n—1. (2.8)

The basis T4 can be chosen to be a disjoint union of bases of g,. The basis element of g,
will be denoted as T;, where i, = 1...,dim g,. We also use following conventions for the
naming of indices:

iA,7B, ... generators of g,
iW=x,j0=v,... generators of h,
ipy jry - - . generators of g, ,
r=1,....2n—1. (2.9)
We also presume that the supertrace respect the grading in a sense 4
StrXY = StrQ(X)Q(Y) . (2.10)

3The Zo, grading is defined by automorphism Q2 : g — g such that [2(X), Q(Y)] = Q([X,Y]),Q*" =1
and QF #£ 1 for all k < 2n.

4This can be easily demonstrated in case when the action of Q on X can be represented as an operation
of conjugation Q(X) = MXM™! for some matrix M.



Let us now presume that X € g, ,Y € g, so that

irTm ST

QX)=ern X ,QY)=en X . (2.11)
Then using (P.10) we immediately obtain
StrXY =0 unless r +s =0 mod 2n . (2.12)

Now we are ready to formulate the sigma model on G/H, following [If]. We express the
sigma model on G/H in terms of a dynamical field g(z*) € G where z#, p = 0,1 are
worldsheet coordinates. We write

J,=9g'0.9¢€g. (2.13)
Note that this current is invariant under the global left action
d=Ug,UcqG. (2.14)

We can decompose the current into currents of defined grade

Jy=J9+J,,J” eh,J, €g/h, (2.15)
where
2n—1dim g, 2n—1
0 7 i
IO =TT, Ju=>_ > JiT,=> JI. (2.16)
r=1 i,=1 r=1
In what follows we use the Einstein summation convention. Explicitly, we define
2n—1dim g,
Y g = Y
r=1 i,=1 T
2n—1dim g4 ' ‘
S>> TAT =D T, o= (2.17)
A=0 is=1 A

Let us now study the transformation properties of the current under the local right action
g = gh,h(xz) € H. Using the definition of J we easily obtain

J,=h" Jh+h7lo,h (2.18)

Then using the fact that Q(h) = h it is easy to determine the rules how currents J© and
J transform under local right action

T = houh+h IO,
J, =h"'Jh (2.19)

The next important object that is needed for definition of the non-linear sigma model on
supercoset target is the metric

Ki == StT(T@'ATjB) . (220)

AJB



This metric has the nonzero components

Ki'ern r o ( )‘ ‘K

J2n— rlr s

Koy = Kya (2.21)
as follows from (R.10). Using (R-21)) we define two form field B as

Bi jon—r = @ Ki o, Gon—r = —ar - (2.22)
Note also that (2.29) obeys the graded antisymmetry property

B;

irjon—r

= (-1 )HB

Jon—rir

(2.23)

that follows from () and from the fact that g2, = —¢,. Then we can write the action
for non-linear sigma model on supercoset target in the form

/ d%Z( MY Ky o T TP + —e Biyjon_, I JI2 > . (2.24)

Equivalently, using (2.20) and (.21)) the action (2.24) can be written as

1
/ d%ZStr( n Jt >J52"—7">+§e“”qrj,§7">J52”—r>> : (2.25)

3. Hamiltonian formalism

Next step is to determine the canonical variables and define corresponding conjugate mo-
menta. To do this we follow the approach introduced in [[L§]. We start with the fact that
the current J,, is flat

Oudy — Oy + [Ju, Ju] =0 (3.1)

With the help of this identity we can express Jy as a function of J; if we define the operator
D as
doJ1 = hJo + [J1,Jo] = DJp . (3.2)

Now we presume that the currents J,, obey appropriate boundary conditions so that we
can introduce the inverse operator D~! to express Jy as

Jo=D"YdJ1) . (3.3)

If we insert (B-d) into the action (R:25) we obtain the action that contain the dynamical
variable J; and its time derivative JyJ;. Then using the standard method we can define
the momenta conjugate to J;. More precisely, let us extract the part of the action (R.29)
that contains the time components of the currents

1 T n—r T n—r 1 ~ ~ ~ A
Sozi/deZStr(Jé ) ) g ) 4 ))=§/d2w(JoJo+JoJ1):

= %/d2x [D_l(aojl)D_l(aoJl) + D_1(50J1)j1 7 (3.4)



where in the second step we have used (R.10) and where we have also defined

jl = ZQanranir . (3.5)

Finally the formula D*I(bo J1) means that we project to the superalgebra of the coset g/h.
Then it is simple task to define the momentum IT; as a variation of the action (B.4) with
respect to JypJ1 and we get

08
0001

I, = — _DYDYpJ1) + J1), (3.6)

where we have used the fact that
/ d?xStr(D7H6X)(...)) = — / d?xStr(XD71(...)) . (3.7)
If we now act with D on (B.§) from the left we obtain
DIy = —D~1(8yJ1) — J; (3.8)
that allows us to express Jo as function of canonical variables IT; and J;
Jo=—DIl; — J; . (3.9)

To proceed further we expand J, and II; as

my=> 1 ZA,JO—ZJOTZT,Jl ZJl o= 7T, . (3.10)
A r

Then DII; takes the form

DIy = o0y + [J1,115] =
D (OWITAT, + Y HEIFA-B 4, T;,) (3.11)
B

A

using the fact that the structure constants have the form ffA‘};B as follows from (2.7). Then
with the help of (B.1]) and (B.10) the equation (B.9) is equal to

_ JéT _ a le +ZJ]AHkIr A ]Ak; . _{_qr(]{'r,

= 11" + Z JiAT2n-a ~0, (3.12)

A

ZA]2n A

where the absence of Ji in the action implies an existence of the primary constraint ®*.
Let us now introduce the equal-time graded Poisson bracket that for two classical
observables F, G depending on the phase super-space variables J;#,I1;, is defined as

{F.G} = (- 94 oI, - (=1 oI, .0

, (3.13)



where the superscript L denotes left derivation. For the components J; = ) 4 J1 A
Iy =3, II'AT;, =3, Kiafn-aT]; T, . the above PB’s read

{Ji2@). W ()} = (~)ohato(z ) | (3.14)

where II; , is defined as
I, =K,

TAJ2n—A

[I/2n-4 (3.15)

We again stress that A that labels the graded subspaces g(4) is in the one to one corre-
spondence with Grassmann property of given elements, namely A odd labels Grassmann
odd subalgebra and A even labels the Grassmann even subalgebra.

Let us now define

Ji = Jhn—r (3.16)

'lr]2n ru

Then we can rewrite (B.19) in an alternative form

J) = —oll;, — ZJfA FIEATy, L+ adl

r irka

®, = Ol + ZJfA a0, (3.17)
using the fact that g, = —qop_r-

4. Calculation of the current algebra

In this section we will calculate the Poisson brackets between currents J, f/‘ using the canon-
ical Poisson brackets derived in the previous section.
We start with the Poisson bracket of the form {Jg (z), JI* (y) } These Poisson brackets

can be easily calculated with the help of (B.14) and (B.17) and we obtain
{10@), 7 )} = 80.0( — y) + [T @3 — ),
"7‘ "7‘ l’V‘—
{Jfﬂ(m% Ji (y)} = fn I (@)d(x —y) forr £ ¢,
{Jg(x } = wzn o m "(x)d(z —y) . (4.1)

Using (B.16) we obtain the alternative form of Poisson bracket (1))

{JOiQn—t(x)’th(y)} — KiQn—tjta$5((L._y) _i_Jlm(x)fZ?g; t ket ’

{Te@) T @) = B @ g, K2
{Te@, )} = A @)1, K6~ y) | (42)

where we have also used the fact that 2n +¢ ~ t.
In the same way we can determine the Poisson bracket between @, and J;", J{

{0:(2), W)} = —020:0(x — ) — f2, ] (2)3(x —9) ,
{@ula), T )} = — 115 T @3 —y) - (4.3)



These Poisson brackets demonstrate how currents Jfr transform under the gauge transfor-
mations generated by ®,. It is also clear that Jj has to transform in the same way so
that

{@u(@), <y>} = — 15 @3 =) (4.4)

or equivalently
[D,(2), 2 (1)} = Lo —y) . (4.5)
Now we will calculate the Poisson brackets between zero components of the currents
JéA. Let us start with the Poisson bracket {Jiot (), (y )} After straightforward, but

7% J2n
slightly involved calculation we obtain

{306), 78, )} = (-0l eu(e) 2,00 —0) (4.6)

where we have used (B.14) and (B.17) and also the fact that the structure functions of the

supercoset obey the relation

fk'A+B
iajp “karBlc —

_ ( )|B||C\ka+CK

iale kaycib (4.7)
and the graded Jacobi identity

_ A||C| pma+B+C ]B+C B||A| pmA+B+C piA+C C||B| fMA+B+C pJA+B
0_( )‘ ! ‘fZA]B+C f +( )l ! ‘f kpja+c fCZA +( )‘ ! lfch+B iakp (4'8)

where we have also used (R.7). Finally note that ({.§) can be written in the form

{7t @ B} =~ s e (49

where ®* = &, KY*.
As the next step we will calculate the Poisson bracket

{JD(@), ]2} t#s. (4.10)

This Poisson bracket can be calculated exactly in the same way as in the previous cases
however now the result strongly depends on the value of ¢; that appears in (R.22) and that

according to [[[6, [[7] is equal to
s

gs=1-— - (4.11)
More precisely it turns out that for ¢ + s < 2n the Poisson bracket (J.10) takes the form
lits
{72@), B W)} = =0+ 0, ) @) 56 = y) (4.12)

while for ¢t + s > 2n it is equal to
S lt s
{7@), ). ()} = (FD)PITL = IR, ) (@) fil)20(x —y) - (4.13)
It will be also useful to express (f.19) and (f.13) in the alternative form as
Z't ‘s lt s l s n—s 's
{JO ('I)’ Jé (y)} = (‘]O7L + Jt+ )( )flt+sk2n szQ ! 6('I - y) ) for t +s > 211,

7 's lt s l s n—s ‘s
{Jot(m),Jg (y)} = (I = @) fir . K — ) for ts < 20, (4.14)



We would like to stress that the case n = 2 was previously studied in the context of the pure
spinor superstring on AdS5 x S5. The algebra of left-invariant currents was also determined
in R1]. Then it is easy to see that the Poisson brackets ([L.14) coincide with the Poisson
brackets derived there if we omit the contributions of the ghost fields. This agreement
serves as further justification of our result.

5. Hamiltonian and equations of motion

In this section we introduce of the Hamiltonian for the non-linear sigma model on supercoset
target. Using the action given in (R.2]) we obtain the matter part of the Hamiltonian in
the form

1
Hopart = /detr((?oJH — ﬁ) = B /dm‘Str(J()Jo + J1J1) (5.1)

or alternatively

Hmatt - /dxz JO 11"]271 rJJQn " + J Z?”]Qn riQn_T>

-

- / dxz IDLWAY G L (—1)'”JiHKiTjQ”—*J]lQn_T). (5.2)

Following the general theory of constraint systems we have to introduce to the Hamiltonian
the contribution that corresponds to the fact that the dynamics of the system is restricted
on the constraint surface &, =0

Heon = / daT*®,(z) . (5.3)

It can be shown that the time evolution of the primary constraints ®, does not induce any
secondary constraints so that the whole Hamiltonian takes the form

H = Hpatt + Heon - (5.4)

With the help of the Hamiltonian (f.4) we can determine the equations of motion for
JP,Ji* using the fact that the time evolution of any function X (J,II) that is defined on

the phase space spanned by JfA,H is governed by the equation

X = {X, H} . (5.5)

With the help of the Poisson bracket that were derived in the previous section and the
form of the Hamiltonian given above we immediately obtain the equation of motion for J{*

in the form

o Jir = 0, Jir + JEJIfL ZJﬁJ{ i AT (5.6)

The form of the equation above suggests that it is natural to choose the Lagrange multiplier
I'" to be equal to (In other words we fix the gauge)

i (5.7)



and introduce the covariant derivative

VX = 0, X0+ TIX)

Tjr 0
VXL = 0,XY — JUXY fI
VXY = Ky VX5, (5.8)

Then we can rewrite the equation (b.§) into the form

— VoJir + Vi Jir — Z Ji Tt =0. (5.9)

]tlr t

In the same way we can determine the equation of motion for J@'OT

— VoJi, +V1J}, - Z( i g e

7‘+t trjt
t
tl+|r||t| 71 J T+t tl+|r||t| 71 Jt plr4t

- Z(—1)H\TH|J Jf”t+ ST (-l g Jf”tJr

r+t<2n r4t>2n

ly—r kon—

+ Z Jlt th TKjtk2n—tJ12 ' :07 (510)

r+it#2n

where we have also used (b.7). Alternatively, using the currents Jir we can rewrite (5.10)
into the form

_ VOJ(Z)'T + vljfr + Z Jgr—tjétfl'r + Z J{Cr—tJ{tfkr g
7"+t;£2n
j i J —
Z S th ;T Z S ]tkr t 0. (5.11)
t—r<0 t—r>0
The form of the equation (f.11]) simplifies for 7 = 1 and for r = 2n — 1. In case r = 1 it is
natural to combine (f.9) with (5.11]) and we obtain
2n—2

(" — )V it + (Y — ) Sy TR gl fe o =0. (5.12)
t=2

On the other hand for r = 2n — 1 we subtract (5.9) from (5.11) and we get

2n—2
(Y + )V T2t (i ) N T et =0 (5.13)
t=1

For arbitrary » we can perform the same manipulation. We firstly add (5.9) to (b.11) and
we obtain

(" — EMV)VHJlZ;r + Z J!]j'rft Jltfkr "

r+t#£2n
ke lr— Ky lr— ke 7l
- > Jhe gl =y Jhe gl Y Jhe bt =0 (5.14)
r+t#£2n t—r<0 t—r>0

,10,



On the other hand if we subtract (5.11]) from (f.9) we get

(77MV+€MV)VMJ3"+77MV Z JljrftJLt li:_tlt

r+t#£2n
k‘t lr—t 7 k?t lr—t ) k?t lr—t ) _
> RN o D I > W i, =0 (5.15)
r+t#£2n t—r<0 t—r>0

It is easy to see that for n = 2 these equations of motion coincide with the equations of
motion derived in [R1] when we again ommit the contributions of ghost fields.

We conclude this section with the derivation of the equation of motion for J{. With
the help of the Poisson brackets derived in section (fl) we immediately obtain

Ot () = =Y (~)M e g Ko gh 4 g fE DY — 0,0 (5.16)
t

Using (B.7]) we can rewrite this equation in the form

itJon—t

Qo Ty — g+ TP+ T T =0 (5.17)
t
that is Maurer-Cartan identity for J;. In other words the dynamics of Jj is trivial.

6. Global symmetry of the non-linear sigma model

By definition the left-invariant currents J4 = (¢~ 'dg)*4 (and consequently the action) are
invariant under the global symmetry ¢ = hg where h is a constant element from G. Our
goal is to determine the corresponding conserved charge using standard Noether procedure.
To do this let us presume that h ~ 1+ ¢, where ¢(x) = €¢!4T;, depends on the worldvolume

coordinates. Then the variation of the current is equal to
-1
0J, =g "Oueg (6.1)
that implies the variations of the components of the currents Jff‘ in the form

I = K aSin(g Ty a0~ i)k
_ K‘MJQn—ACj2 8Mekc . (6'2)

n—Akc

It is important to stress that C;,;, is Grassmann odd for |[A + B| = 1 and is Grassmann

AJB
even for |A+4 B| = 0 as follows from the properties of the supertrace and from the fact that
the generator T;, is odd matrix for |A| = 1.

Now with the help of (.J) we obtain that the variation of the action is equal to
o5 = [ @ S = e Cr )0 = [ ad 63
t

Since for fields that are on-shell any variation of the action has to vanish the expression
above implies

9Tt =0, (6.4)

— 11 —



where

T = S — G (6.5)
t

Using (6.4) we can define the conserved charge
iy = /dﬂﬂj& = —/dx SR+ @I i (6.6)
t

It is instructive to calculate the Poisson bracket between ¢;, and JfB. With the help of
the Poisson brackets that were determined in section ({]) we obtain

i _ itkon_ lg—r i mrkan_r
{Jlt(x)’qu} = —K"™ tal“ckzn—th —Ji (x)fltt_TmrK e Ck'2n7'er’

T lon—r T mrkon—r
{Jl (x)’qu} = _‘]12 (x)flgn,TmTK 2 Ck'2n7'er . (6-7)

We can simplify this result using the definition of C; and the properties of left-invariant

AJB
currents since
02Cipje = Str(02gTing ' Tje) — Str(Tipq~ ' 0egg Tjeg) =
= Str(g ' 0ugTipg ' Tjcg) — (1) P18tr (g7 0egg ™' Tj9Ti) =

= TSt ([T, Ty, — (-DAIPIT T )97 Tg) =
A

= D T 0,80 (T Tieg) = YT 5, Ol - (6.8)
A A

With the help of this result the first equation in (b.7) takes the form
(A @hass f = DML e R aC, gy () -
A
= 2T K () (6.9)
For |t| = 0 the equation above simplifies as
{th (2), CIJ'B} - J{tfli:szyCij = 5gauge‘]ft (2)(Cyjp (x)) - (6.10)

In other words the Poisson bracket between th, |t| = 0 and g;, is equal to the gauge
transformation of current Ji* with the gauge parameter equal to Cy;,(z). However for
|t| = 1 we do not obtain such a clear interpretation since

n—1
12541 ) _ l2s+1-2t pi2s+1 matkon—o¢ .
{Jl (w)7 qu} =2 Z Jl fl2s+1—2tm2tK Ck?n—%JB (x) +
t=1

+ J{25+1 i25+1 K™C,;, (z) . (6.11)

losy1T

We again see that the expression on the second line in () can be written as dgauge
JiQS“(C’ij). On the other hand it is not clear to us how to interpret the expression on
the first line.

- 12 —



Finally, using (5.§) the second equation in (f.7) can be written as

i l n—r k‘ n—r X k n—r
{H(@),q5,} = Z Jr’ (x)fIQi_TzK YCyjp = Z5gaugeJ12 (Cyjp () (6.12)

that can be again interpreted as a sum of the gauge transformations of currents Jf't. At
present it is not completely clear to us how to interpret these results. Since the left-
invariant currents are invariant under the transformations ¢’ = hg one could expect that
the Poisson brackets between left-invariant currents and the charges corresponding to the
global symmetry of the action are either zero or equal to the gauge transformations that
define coset. We have seen that this interpretation holds for Grassmann even components
of the left-invariant currents. On the other hand we have derived different results for the
Grassmann odd components of the left-invariant currents and as we mentioned above it is
not clear to us how to interpret this result. This issue certainly deserve more precise study
and we hope to return to it in future.
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